1. The geometric setting. For every complex number z =£0, I the equation (1) yn = xm'(xl)m\x-z)m\
where n is a prime number, mx, m2, m3 are positive integers less than n, njfmx + m2 + m3 and x, y are complex variables, defines a Riemann surface R(z) of genus 8-1. Such Riemann surfaces R(z) and their connection to the hypergeometric differential equation have been studied in [1] by A. Kuribayashi.
The vector space V(z) of differentials of the first kind on R(z) has dimension equal to the genus n -1. In [1] it is proved that the differentials of the form (3) co = xk'(x -l)*2(x -zf'y-'dx, where l,kx, k2, k3 are integers satisfying the conditions (a) 0 < / < n, 0 < kx, k2, k3 < n, (4) (b) m,7 < k¡n + n,i = 1,2,3, (c) (mx + m2 + m3)l > (kx + k2 + k3)n + n, span V(z). Any automorphism a on R (z) induces a linear transformation 5 on V(z) according to 5: fdg\-^>(f ° a)d(g ° a) for every differential, co = fdg, of the first kind on R(z). In particular, for f a primitive nth root of unity, the automorphism a, that maps every (x, y) on R (z) to (x, £y), generates all automorphisms which leave x fixed. The differentials w given by (3) are eigenvectors for the linear operator S on V(z) induced by the automorphism o: (x,y)h+(x, ¿y). In fact u> goes to f " ~lu. The operator S is diagonalizable by simply taking a base for V(z) from the differentials given by (3) and (4). For a given integer / = 1,..., n -1, the number f "~l is an eigenvalue of 5 whenever there exist integers kx, k2, k3 satisfying the inequalities (4). Indeed, in that case the differential u = xk'(x -\)kl(x -z)ky~'dx is an eigenvector of S.
The question posed by Kuribayashi, which we wish to discuss is: "For how many /'s between 0 and n are both Ç"~l and £' eigenvalues of ST' Theorem 1. Let all notations be as above. The number of integers I = I,..., » -1 for which both f ' and Çn~' are eigenvalues of S, always exceeds 0 and tends to infinity as n tends to infinity.
2. A counting problem. To prove Theorem 1 the following estimate will be used.
For any positive integer n let Z" = {0, 1, . . . , n -1} be the group of integers modulo n. Let A, B, C be three-disjoint sets, and let/: Zn -> A u B U C he a function satisfying: N(4N + 3) > n. 3 . Application. We return to the situation and notations of Theorem 1. For any integer x and each of the mx, m2, m3 let m¡x denote the integer in {1, 2, . . . , n) that is congruent to m¡x modulo n. Let F(x) =mxx + m2x + m3x, where addition is the usual addition (not modulo «) of integers.
The function F has the following properties. Proof. That f "_/ is an eigenvalue of S is tantamount to the existence of a solution kx,k2, k3 to (4).
Suppose F(l) > n. For each i = 1, 2, 3, let k¡ be the number of times n divides mf. Clearly 0 < k, < n, and the division formula (7) mf = k¡n + m¡l, 0 < m¡l < n, yields a solution of (4),(a),(b). Adding equations (7) over i = 1, 2, 3 provides ( 2 m)l = ( 2 k)n + 2 m,l = ( 2 k,)n + F(/) > (2 *,)« + », thereby solving (4),(c) as well. Conversely, suppose inequalities (4) are solved by some kx, k2, k3. Since (4),(c) will remain satisfied for any lesser k/s, it can be assumed that for each i «■ 1, 2, 3, kj is also the least integer satisfying (4),(a),(b). Thus each k¡ is precisely the number of times n divides m¡l; and (7) holds for each k¡. Adding up the equations (7) over i = 1, 2, 3, and use of (4),(c) then leads to F(l) > n. The statement in Theorem 1, that there always exists an / in (1, . . . , n -1) making f"~' and f' eigenvalues of the operator S, follows from (8) for n > 11. In that case M must be at least 1. As for the primes 2, 3, 5, 7 it is easy to check that the statement is still valid.
A conjecture for a sharper inequality to replace (8) is 3Af > n.
